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Abstract. We consider the motion of two superposed immiscible, viscous, 
CO , incompressible, capillary fluids that are separated by a sharp interface which 

needs to be determined as part of the problem. Allowing for gravity to act 
on the fluids, we prove local well-posedness of the problem. In particular, we 
^» ' obtain well-posedness for the case where the heavy fluid lies on top of the 

P™H i light one, that is, for the case where the Rayleigh- Taylor instability is present. 

■ Additionally we show that solutions become real analytic instantaneously. 

rd 

1. Introduction and Main Results 

We consider a free boundary problem describing the motion of two immiscible, 
viscous, incompressible capillary fluids, fluidi and fluids, occupying the regions 

(l i (t) = {(x,y)€R n xR:(-lf(y-h(t,x))>0, i > Q}, i=l,2. 

CO ■ The fluids, thus, are separated by the interface 

co 



T(i) := {{x, y) G R n x E : y = h(t, x) : i € I" t> 0}, 



called the free boundary, which needs to be determined as part of the problem. 



The motion of the fluids is governed by the incompressible Navier-Stokes equations 
where surface tension on the free boundary is included. In addition, we also allow 
for gravity to act on the fluids. The governing equations then are given by the 
, system 

' p(d t u+ (u\V)u) 



— /xAlt + Vq 
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in 


fi(t) 
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n(t) 
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on 
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r(o) 


= r . 







(1.1) 



2000 Mathematics Subject Classification. Primary: 35R35. Secondary: 35Q10, 76D03, 76D45, 
76T05. 

Key words and phrases. Navier-Stokes equations, free boundary problem, surface tension, grav- 
ity, Rayleigh- Taylor instability, well-posedness, analyticity. 

The research of GS was partially supported by NSF, Grant DMS-0600870. 

1 



2 



J. PRUSS AND G. SIMONETT 



Here p and p are given by 

P = PiXsii(t) + p2Xn 3 (t), V = MiXn x (t) + M2Xo 3 (t), 

with x the indicator function, where the constants pi and pi denote the densities 
and viscosities of the respective fluids. The constant a > denotes the surface 
tension, and 7 Q is the acceleration of gravity. Moreover, S(u,q) is the stress tensor 
defined by 

S(u,q) = p l (X7u+ (Vu) T ) - ql in fi;(t), 

where q = q + pr/ a y denotes the modified pressure incorporating the potential of 
the gravity force, and 

M = ( v \n 2it) -«|n lW )lr(t) 
denotes the jump of the quantity v, defined on the respective domains fij(t), across 
the interface T(t). Finally, K — «(t, •) is the mean curvature of the free boundary 
r(t), v — v(t,') is the unit normal field on T(t), and V — V(t,-) is the normal 
velocity of T(t). Here we use the convention that u(t, •) points from f2i(t) into O2 (t) , 
and that K,(x,t) is negative when fii(t) is convex in a neighborhood of x € r(t). 
Given are the initial position r = graph (h ) of the interface, and the initial velocity 

u a :Q a ^R n+ \ n :=Ox(0) UO 2 (0). 

The unknowns are the velocity field u(t, •) : f2(t) — > W n+1 , the pressure field q(t, ■) : 
fi(t) -> M, and the free boundary F(t), where Q(t) := Qi(t) U Q 2 (t). 
Our main result shows that problem (11. lj) admits a unique local smooth solution, 
provided that ||V/io||oo : = sup,j. gR „ |V/io(x)| is sufficiently small. 

Theorem 1.1. Let p > n + 3. Then given (3 > 0, there exists 7/ = r){/3) > such 
that for all initial values 

(u , h ) e W; 2 - 2 ^(«o,M" +1 ) x H/ p 3 - 2 /P(M"), [ Uo ] = 0, 
satisfying the compatibility conditions 

lpD(u )v - p(vo\D(u )v )vo} = 0, div u = ok fi , 
wf/i D(uq) '■= (Vuo + (Vuo) T ), and the smallness-boundedness condition 

||Vfto||oo < V, \\u \\oo < P, 

there is to = to(uo,ho) > such that problem (jl.lj) admits a classical solution 
(u,q,T) on (0,to). The solution is unique in the function class described in Theo- 
rem \j.2\ In addition, T(t) is a graph over 1" given by a function h(t) and M. = 
Ute(o to) I'M x * s a rea ^ ana lyti c manifold, and with 

O := {(t, x,y): t€ (0, t ), x e M™, y 7^ fc(*> x)}, 
f/ie function (u, q) : — > R" +2 is reaZ analytic. 

Remarks 1.2. (a) More precise statements for the transformed problem will be given 
in Section 4. Due to the restriction p > n + 3 we obtain 

h e C{J; BUC 2 (R n )) n C 1 (J; BC/C^R")), 

where J = [0, to]. In particular, the normal of f2i(t), the normal velocity of T(t), 
and the mean curvature of T(t) are well-defined and continuous, so that (|1.1[) makes 
sense pointwise. For u we obtain 

w € BUC(J x R" +1 ,M™ +1 ), Vu e BUC(0,R (n+1)2 ). 
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Also interesting is the fact that the surface pressure jump is analytic on M. as well. 

(b) It is possible to relax the assumption p > n + 3. In fact, p > (n + 3)/2 turns out 
to be sufficient. In order to keep the arguments simple, we impose here the stronger 
condition p > n + 3. 

(c) It is well-known that the situation where gravity is acting on two superposed 
immiscible fluids - with the heavier fluid lying above a fluid of lesser density - leads 
to an instability, the Rayleigh- Taylor instability. In this case, small disturbances 
of the equilibrium situation (u, h) — (0, 0) can cause instabilities, where the heavy 
fluid moves down under the influence of gravity, and the light material is displaced 
upwards, leading to vortices. Our results show that problem (jl.ip is also well-posed 
in this case, provided ||V/jo||oo is small enough, yielding smooth solutions for a short 
time. In the forthcoming publication |29j we will give a rigorous proof showing that 
the equilibrium solution (it, h) = (0, 0) is L p -unstable. To the best of our knowledge 
these are the first rigorous results concerning the Navier-Stokes equations subject 
to the Rayleigh- Taylor instability. 

(d) If 7 Q = then it is shown in [28 that problem admits a solution with the 
same regularity properties on an arbitrary fixed time interval [0, to], provided that 
||mo|| h/ 2-2/ p ^ o ^ and ||/io|| W r3-2/ P , K „-j are sufficiently small (depending on to). 

(e) We point out that in Theorem 1.1 we only need a smallness condition on the 
sup- norm of Who (relative to the vertical component of the velocity). In case of a 
more general geometry, this condition can always be achieved by a judicious choice 
of a reference manifold. 

The motion of a layer of viscous, incompressible fluid in an ocean of infinite ex- 
tent, bounded below by a solid surface and above by a free surface which includes 
the effects of surface tension and gravity (in which case flo is a strip, bounded 
above by T and below by a fixed surface 1^) has been considered by Allain p], 
Beale [7] , Beale and Nishida [8] , Tani {35, , by Tani and Tanaka [36] , and by Shibata 
and Shimizu [32| . If the initial state and the initial velocity are close to equilibrium, 
global existence of solutions is proved in [7] for a > 0, and in |35] for a > 0, and 
the asymptotic decay rate for t — + oo is studied in [8] . We also refer to [9] , where in 
addition the presence of a surfactant on the free boundary and in one of the bulk 
phases is considered. 

In case that f2i(£) is a bounded domain, 7 a = 0, and 2 (£) = 0, one obtains the 
one-phase Navier-Stokes equations with surface tension, describing the motion of 
an isolated volume of fluid. For an overview of the existing literature in this case 
we refer to the recent publications [28, 31, 32] [33]. 

Results concerning the two-phase problem (jl.l[) with 7 a = in the 3-D-case are 
obtained in [TTJ [T^l EH GH] • In more detail, Densiova EI] establishes existence and 
uniqueness of solutions (of the transformed problem in Lagrangian coordinates) 
with v G W% ' s/2 for s € (5/2, 3) in case that one of the domains is bounded. Tanaka 
[51] considers the two-phase Navier-Stokes equations with thermo-capillary convec- 
tion in bounded domains, and he obtains existence and uniqueness of solutions with 
(v, 9) <G W 2 S ' s ^ 2 for s £ (7/2,4), with 6 denoting the temperature. 
In order to prove our main result we transform problem (|1.1[) into a problem on a 
fixed domain. The transformation is expressed in terms of the unknown height 
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function h describing the free boundary. Our analysis proceeds with establish- 
ing maximal regularity results for an associated linear problem, relying on the 
powerful theory of maximal regularity in particular on the _ff°°-calculus for sec- 
torial operators, the Dore-Venni theorem, and the Kalton-Weis theorem, see for 
instance [2 [lj UM HI H3 Ml EQ] . 

Based on the linear estimates we can solve the nonlinear problem by the con- 
traction mapping principle. Analyticity of solutions is obtained as in |28j by the 
implicit function theorem in conjunction with a scaling argument, relying on an 
idea that goes back to Angenent [3J [5] and Masuda [23] ; see also [TTJ, [TBI 120] • 

The plan for this paper is as follows. Section 2 contains the transformation 
of the problem to a half-space and the determination of the proper underlying 
linear problem. In Section 3 we analyze this linearization and prove the crucial 
maximal regularity result in an L p -setting. Section 4 is then devoted to the nonlinear 
problem and contains the proof of our main result. Finally we collect and prove in 
an appendix some of the technical results used in order to estimate the nonlinear 
terms. 



2. The transformed problem 



The nonlinear problem can be transformed to a problem on a fixed domain 
by means of the transformations 

v(t, x, y) ;= (ui, . . . , u n )(t, x,y + h(t, x)), 
w(t, x, y) := u n+1 (t, x,y+ h(t, x)), 
7r(t, x, y) := q(t, x,y + h(t, x)), 

where t € J = [0, a], x € K™, y € R, y ^ 0. With a slight abuse of notation we will 
in the sequel denote the transformed velocity again by u, that is, we set u = (v, w). 
With this notation we obtain the transformed problem 

pdtu — /iAu + V7r = F(u, 7r, h) 
div u = Fd(u, h) 

-K«l - ImV^I = G v (u, Inlh) 
-2lfid v wj + lirj-aAh-lphah = G w (u,h) on R" (2.1) 

M = o 

dfh — = — (jv\Vh) 
w(0) = it , h(0) = h , 

for t > 0, where R n+1 = {(x, y) € R" x R : y ^ 0}. 
The nonlinear functions have been computed in [28j and are given by: 



in 






K n+1 


in 






R n 


on 




R" 


on 




R n 


on 




R" 


on 



F v (v, w, ir, h) = p{-2(Vh\V x )d y v+ |V/i| 2 ^x; - Ahd y v} + d y irVh 
+ p{ — ( v \^x)v + (Vh\v)d y v — wdyv} + pdthdyV, 
F w (v, w, h) = p{-2(X7h\X7 x )d y w + \X7h\ 2 dyW - Ahd y w} 

+ p{ — (v\ V x )w + (Vh\v)dyW — wdyw} + pdthd y w, 
F d (v,h) = (Vh\d y v) 



(2.2) 
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and 

G v (v,w, [tt], h) = -ln(V x v + (V x v) T )]Vh + \Vh\ 2 lfid y vj + (V/i| lfid y v})Vh 

- lfid y w}Vh + {[tt] - a(Ah - G K (h))}Vh, (2.3) 
G w (v,w,h) = -(Vh\ l(iV x w}) ~ (V/i| \p0yv]) + \Vh\ 2 lid y w] - nG K {h) 

with 

_ |Vfe| 2 Afr , (Vfr|V 2 Wfe) 

kM (i + ^TW)yTTW + (i + |v^p)3/2' ^ 

where V 2 h denotes the Hessian matrix of all second order derivatives of h. 

Before studying solvability results for problem (|2.ip let us first introduce suitable 
function spaces. Let £1 C R m be open and X be an arbitrary Banach space. By 
L p (Q;X) and Hp(Cl;X), for 1 < p < oo, s e M, we denote the X-valued Lebegue 
and the Bessel potential spaces of order s, respectively. We will also frequently make 
use of the fractional Sobolev-Slobodeckij spaces (O; X), 1 < p < oo, s£R\Z, 
with norm 

|a| = [s] v - /s! - /s! 1 y| / 

where [s] denotes the largest integer smaller than s. Let a G (0, oo] and J = [0, a]. 
We set 

r {.g G % S (J;X) : g(0) = g'(0) = ...= ff «(0) = 0}, 

W;{J;X):= J if fc+i <s<fc + l + i feeNU{0}, 

[ % S (J;X), if s < i. 

The spaces qH^{J;X) are defined analogously. Here we remind that = Wp for 
k G Z and 1 < p < oo, and that VF p s = for s £ R \ Z. 

For £1 C R m open and 1 < p < oo, the homogeneous Sobolev spaces Hp- (CI) of 
order 1 are defined as 



fl^fi) := ({«, G L ll]o c(n) : ||V ff || Lp(0) < oo}, || • ||^ 1(n) ) 

m 

Hfllflj(n) : = (Hll^llL p( n) 



i/„ (2-6) 



Then Hp(Vt) is a Banach space, provided we factor out the constant functions and 
equip the resulting space with the corresponding quotient norm, see for instance |21[ 
Lemma II. 5.1]. We will in the sequel always consider the quotient space topology 
without change of notation. In case that f2 is locally Lipschitz, it is known that 
Hp(Q) C Hp loc (n), see [2TJ Remark II. 5.1], and consequently, any function in 

Hp(fl) has a well-defined trace on d£l. 

For s € R and 1 < p < oo we also consider the homogeneous Bessel-potential 
spaces £fp(R") of order s, defined by 

W p (R n ) := ({g G S'(R") : I s g G L p (R n )}, || • ||^ (R ), 

(2.7) 

IMIiHR") := ll /S fflli P (K")' 
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where <S'(R") denotes the space of all tempered distributions, and I s is the Riesz 
potential given by 

Pg := (-Ay/ 2 g := J^W^g), g € S'(R n ). 

By factoring out all polynomials, Hp(U. n ) becomes a Banach space with the natural 

quotient norm. For s <E R\Z, the homogeneous Sobolev-Slobodeckij spaces (M n ) 
of fractional order can be obtained by real interpolation as 

W;(W l ) := (Hp(W l ), iT p fc+1 (R")) s _ fe , p , k < s < k + 1, 

where (•, -)e,p is the real interpolation method. It follows that 

F eIsom(ij* +s (R rl ),ij*(R"))nlsom(^ +s (R"),W 3 5(R")), s,teR, (2.8) 

with W£ = for k S Z. We refer to H Section 6.3] and [57] Section 5] for 
more information on homogeneous functions spaces. In particular, it follows from 
parts (ii) and (hi) in [37] Theorem 5.2.3.1] that the definitions (|2.6p and (|2.7|) are 
consistent if = R n , s = 1, and 1 < p < oo. We note in passing that 

define equivalent norms on W^(R") for < s < 1, where P(-) denotes the Poisson 
semigroup, see (37j Theorem 5.2.3.2 and Remark 5.2.3.4]. Moreover, 

7± S £(PV; 1 (MJ +1 ),W p 1 - 1 /f(]R n )), (2.10) 

where j± denotes the trace operators, see for instance [21] Theorem II.8.2] . 



3. The Linearized Two-Phase Stokes Problem with Free boundary 



It turns out that, unfortunately, the nonlinear term ("fv\\7h) occurring in (|2.ip 
cannot be made small in the norm of ¥4(0), defined below in l|4.2[) . by merely taking 
||Vft-||oo small. This can, however, be achieved for the modified term (6 — 7«|V/i), 



provided b is properly chosen so that 6(0) 
to consider the modified linear problem 



pd t u — /1 Ait + V7r = / 
div u = f d 
-llidyvj - [/iVsiu] = g v 
-2\p,d v w\ + [tt] = g w 
[u] = 

-7to + (6(t,rB)|V)/i = fffc 
u(0) = «0i h(0) = ho. 



— 7Wq. As a consequence, we now need 



9th 



a Ah + \p\rfah 



111 
iii 
on 
on 
on 
on 



pn+l 



(3.1) 



Here we mention that the simpler case where 6 = and j a — was studied in |28[ 
Theorem 5.1]. We obtain the following maximal regularity result. 
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Theorem 3.1. Let p > n + 3 be fixed, and assume that pj and jij are positive 
constants for j = 1, 2, and set J — [0, a]. Suppose 

b Q e R", bi e W^- 1/2p (J;L p (R n ,W l ))nL p {J;W^ 1/p (R n ,R n )), 

and set b(-) = b a + bi(-). Then the Stokes problem with free boundary (|3.1[) admits 
a unique solution (u, 7r, h) with regularity 



n+l 



ueH^(J;L p {l 



nL p (J;ff 2 (] 



(3.2) 



W € W^-^iJ; L p (R n )) n L p (J; (R")), 

h G W p ~ 1 / 2p (J; L p (R n )) n H$(J; W^ 1/p {W 1 )) fl L p (J; VK p 3 - 1/p (R n )) 

ij and only if the data (f,fd,g,gh,Uo,ho) satisfy the following regularity and com 
patibility conditions: 

(a) /GL P (J;L P (R n+1 ,R"+ 1 )), 

(b) /«, G i? p 1 (^;^ 1 (K n+1 )) n L p (J;.Hj(R B + 1 )), 

(c) g = (jgv,9w) € Ty p 1/2 - 1/2p (J;L P (R",R" +1 ))nL p (J;T<- 1/p (R»,R"+ 1 )) ; 



(d) G <- 1/2p (J; L p (K n )) n L p ( J; W p ~ 1/p (R™)), 



(c) u G Wp 2/p (R" +1 ,R" +1 ) 

(f) divu = f d (0) in R n+1 and 

(g) -\pdyM ~ ImV^wo] = 9v(0) 



h G W P 2/p (R"), 



= on 



ifp> 3/2, 



ifp > 3. 



T7ie solution map [(/, /d, <7, flTi, uo; ho) l— * ( u i 7r >h)] * s continuous between the corre- 
sponding spaces. 

If b\ = then t/ie result is true for all p G (1, oo), p ^ 3/2, 3. 

Proof, (i) Since F 4 (a), defined by 

F 4 (a) := T^-Va^j; L P (R»)) n L p ( J; ^-^(R")), 

is a multiplication algebra for p > n + 3, the operator [ft, i— > (6|V)h] maps the space 

E 4 (a) := iy p 2 - 1/2p (J; i p (R")) fl H p (J; iy 2 - 1/p (R")) n L p ( J; W^ 1/p (R n )) 

continuously into F 4 (a) with bound |&o| + Ca||&i||F 4 (a)j see Lemma [5?5ja) . 

As in the proof of [351 Theorem 5.1] it suffices to consider the reduced problem 



m 
in 
on 
on 
on 
on 



pn+1 



(3.3) 



pdtu — fiAu + V7r = 
divu = 

-\ t ti v v]-\jiV x w]=0 

-2lfid y w] + [tt] = a Ah + \p\ la h 

M = o 

d t h-jw + (b(t,x)\V)h = g h 
u(0) = 0, h(0) = 0, 

where the function g^ G oF 4 (a) is defined in a similar way as in formula (5.5) in 
[28] . This can be accomplished by choosing hi :— hij, G E 4 (a) such that 

fti(0) = ho, dth^O) = g h (0) + -tw - (6(0)|Vfto), 
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and then setting gh ■= gh,b '■= 9h + jwi — (b\Vh±) — dthi, where wi has the same 
meaning as in step (i) of the proof of [28, Theorem 5.1]. 

(ii) We first consider the reduced problem l|3.3|) for the case where b = bo is constant. 
The corresponding boundary symbol Sb (A,£) is given by 

s bo (X,0 = A + (criei - lpha/\Z\)k(z) + i(b \0, (3.4) 

where we use the same notation as in the proof of [28[ Theorem 5.1]. Here we remind 
that k has the following properties: k is holomorphic in C \ K_ and 

k(0)= 9( \ y zk (z)^—!— for \z\ > oo, (3.5) 
2(/ji+/j 2 ) P1+P2 

uniformly in z £ E,j for d £ [0, tt) fixed. In particular there is a constant N = N($) 
such that 

\k(z)\ + \zk(z)\< N, zeE f (3.6) 

In the following we fix j3 > 0. For further analysis it will be convenient to introduce 
the related extended symbol 

s(A, t, C) := A + ark(z) + itC - \ph a k(z)/ T , (3.7) 

where (A,r) £ 'E 7T /2+r 1 X E^ with 77 sufficiently small, 2 := A/r 2 , and £ € C/jg^ 
with Up, s ■= {C € C : |ReC| < /? + 1, |ImC| < 8} and 8 £ (0,1]. Clearly 
S(A,|f|,(6o|e/^|)) = *6 (A,0 for (A,0 G S,xi» 

We are going to show that for every fixed f3 > there are positive constants Ao, 8, 
i] = r)({3), and Cj = Cj(j3, Ao, 5, 77) such that 

co[|A| + |r|] < |l(A,r,C)| <ci[|A| + |r|], (3.8) 

for all (A,r, C) G x ^ x with |A| > Ao- The upper estimate is easy 

to obtain: fixing $ £ (ir/2,ir) and Ao > 0, it follows from (|3.6[) and the identity 
k(z)/r = zk(z)r/X that 

|S(A,r,C)| < \X\ + (aN+(p + 2) + \lpj\ la N/X )\T\ <d[|A| + |r|] (3.9) 

for all (A,t, C) £ x E,, x Up 5, where |A| > Ao and 77 G (0, 770) with 770 := 

(0-tt/2)/3. 

In order to obtain a lower estimate we proceed as follows. Suppose first that 
/3, Ao > are fixed and 770 is as above. Then we obtain 

|S(A,r,C)| > |A|-( < 77V+( / 3 + 2) + |M| 7a 7V/A )|r| 

>(l/2)|A| + (m/4)|T|=co(/3,Ao)[|A| + |r|], [ ' j 

provided (A, r, C) G E^+j; x E,, x 77 G (0,770), and |A| > Ao as well as |A| > m\r\ 
with 

[m/ A) >aN+((3 + 2) + |[p]| 7a JV/A . 
Next we will derive an estimate from below in case that |A| < M|r| 2 with M a pos- 
itive constant. From (|3 . 5[) follows that there are constants H,L,R > 0, depending 
on M, such that 

L < Re (ak(z)) < R, |Im (ak(z))\ < H, (3.11) 

whenever (A, r) £ x E,,, for 77 G (0,770) and |A| < M|t| 2 , where z = A/r 2 . 

By choosing 8 small enough we obtain from (13 . 1 1 [1 and the definition of Up.g 

< L- 8 <Re(crfc(z) +<) <R + 8, \lm{ak[z) +iQ\ <H+(j3 + l) 
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provided (A, r, Q G E 7r / 2 +7) x 77 € (0, 770) and |A| < M|r| 2 , where z = A/r 2 . 

By choosing 7/ small enough we conclude that there is a = a(M, (3, 5, 77) G (0, 7r/2) 
such that 

r(ak(z) + i() € S a (3.12) 

whenever (A, r, £) G S^^+r; x S r) x Upj and |z| < M with z = A/r 2 . We can 
additionally assume that 77 is chosen so that ip :— ir/2 — a — 77 > 0. This implies 

|S(A,r,C)| > c(^)[|A| + |r| + ifl] - MIM^/Ai 

>c(^)min(l,L-5)[|A| + M] -M|H|7a^/Ai (3.13) 
>c (M ) /3,A 1 )[|A| + |r|], 

provided (A, t, () G 2^/2+?, x S J; x Up t g, |A| < M|r| 2 and |A| > Ai, where Ai is 
chosen big enough. 

Noting that the curves |A| = m\r\ and |A| = Af|r| 2 intersect at (m/M,m 2 /M) 
we obtain (|3.8p by choosing A := max(A 1? m 2 /M). 

(iii) In the following, we fix f3 > and we assume that bo G M™ with |b | < 
Let then Sb be the operator corresponding to the symbol si, . It is clear that 
Sb is bounded from oE^a) to o¥ 4 (a) =: X and it remains to prove that it is 
boundedly invertible. For this we use the 7i°°-calculus and similar arguments as in 
[27|. Section 4] and [281 Section 5]. First we note that D n admits an 7£-bounded 
7i°°-calculus in X with angle 0; this follows from 14, Theorem 4.11]. Therefore by 
the estimates obtained in (|3.8p . the operator family 

{(A + ^ I 1 / 2 )S- 1 (A,A 1 / 2 ,0 : (A,C) e x U 0t5 , |A| > A } 

is 7?.-bounded. Since G = dt is in Tt°°(X) with angle tt/2, the theorem of Kalton 
and Weis [22J, Theorem 4.4] implies that the operator family 

{(G + J Dy 2 )S- 1 (G,A 1 / 2 ,C):Cet/ /5 , 5 } 

is bounded and holomorphic on Up,s- Finally, we employ the Dunford calculus for 
the bounded linear operator Rb := (po\R), where R denotes the Riesz operator with 
symbol £/|£|, £ G K n . The operator Rb is bounded and its spectrum is &{Rb ) — 
[— \bo\, \bo\], as e.g. the Mikhlin theorem shows. Since the operator family 

{(G + D 1 J 2 )s^ 1 (G, Dl/ 2 ,C) '■ C € Up t s} 

is bounded and holomorphic in a neighborhood of a(Rb ), the classical Dunford 
calculus shows that the operator 

(G + J Dy 2 )S- 1 (G,^ r 1 / 2 , J R b0 ) 

is bounded in X, uniformly for all 60 G K" with |6q| < P- This shows that Sb : 
E 4 (a) — > oF 4 (a) is boundedly invertible, uniformly for all 60 G K™ with |6 | < P- 

We emphasize that the bound for the operator S^ 1 : 0^4(0) — > 0^4 (a) depends 
only on the parameters pj, (ij, a, j a , p and (3, for |6q| < /?■ 

(iv) By means of a perturbation argument the result for constant b can be extended 
to variable b = bo + bi(t, x). In fact, given j3 > there exists a number 77 > such 
that the solution operator exists and is bounded uniformly, provided |6q| < P 
and 1 1 61 1 1 oo + 1 1 61 1 1 f 4 (a) < 277. This follows easily from the estimate 

ll(&l|V/l)|| F 4(a ) < CodlftlHoo + ||fol||F 4 (a))||^||„E 4 (a), 

see Lemma [531(c). 
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(v) In the general case we use a localization technique, similar to [3J Section 9]. 
For this purpose we first decompose J into subintcrvals Jk = [k5, (k + 1)6] of 
length 6 > and solve the problem successively on these subintervals. Since b E 
BUC(J; Co(K",R")), given any 77 > we may choose 6 > and e > such that 

\b(t,x)-b(s,y)\ <r] for all (t,x), (s,y) € J X R" 

with \t—s\ < 6 and \x— y\oo < e. Let {Uj := Xj + (e/2)Q : j € N} be an enumeration 
of the open covering {(e/2)(z/2 + Q) : z £ Z n } of R", where Q = (-1, 1)". Clearly, 

\b(t,x)-b(s,y)\ <r), s,teJk, x,yeUj. (3.14) 

Let 4> be a smooth cut-off function with support contained in (s/2)Q such that 
<p = 1 on (e/4)<2. Define 

^ ::=(^>)(E( T *<>) 2 )~ 1/2 < ^' eN > 

feeN 

where (r :Ej 0)(x) := </>(£ — Xj). Consequently, <pj is a smooth cut-off function with 
supp(0j) C Uj and J2 3 $ = 1- For a function space #(J;R") C L p (J; L p (R™)) we 
define 

r c h: = {(j)jh), ^e^(J;R"). 

Similarly as in [3] Section 9] one shows that 

re£(! p (5(J;l")) I 5(J;R»)), r c E £($(J;M. n ),£ p ($(J;M. n ))), rr c = /, (3.15) 

for ff(J;R n ) € {F 4 (a),E 4 (a)}. 

Let be a smooth cut-off function with supp(6>) C (e/2)Q such that 9 = 1 on 
supp(0) and let 0j := r Xj 0. Define 

b jjk (t,x) := 6j(x) (b(t,x) - b{k5 1 x j )) , (t,x) G Jx R™. 

It follows that 

H^fcllscG/fcxR") + ll&j,fe||F 4 (J fc ) < c o^ fe = 0, ...,m, j € N, (3.16) 

provided 5 is chosen small enough. Indeed, the estimates for \\bj t k\\BC{J k ,R n ) f°l~ 
low immediately from (13.14[) . while the estimates for ||&j,fe||F 4 (j s .) can be shown by 
approximating b by functions that have better time regularity and by carefully 
estimating the products \\9j(b — b(k6, Xj))\\r 4 (j k ). 

We now concentrate on the first interval Jo = [0,6]. Let L E £(oE 4 (a), oF 4 (a)) 
denote the operator with symbol ark(z), i.e. 

L := (aD]l 2 - {pl^D^kiGD- 1 ) := L x + L 2 . 
If follows from (|3. 16[) and step (iii) that the operator 

Sj := G + L + (6(0, x 3 ) + 6 i>0 |V) : E 4 (5) F 4 (<5) 
is invertible. Moreover, there is a constant Co, depending only on sup^ |6(0,Xj)| - 
and therefore only on ||&||bc(JxK») - such that WSJ 1 ]]^^^^) < Co, j € N. 

(vi) Suppose that for a given g E oF 4 (£) we have a solution h E oE 4 (<5) of 

Gh + Lh+(b\V)h = g. 
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Multiplying this equation by (f>j, using that bd a (f>j — (b(0,Xj) + bjfi)d a (j)j and 
rr c = I this yields 

Sjfch - [L, - {b\V<t>j)h = (Sj - [L, cf>j]r - (6|V<^» r c h = r c g, 

where [•, •] denotes the commutator. We now interpret this equation as an equation 
in £ p (o¥ 4 (S)). It follows from step (iv) that (Sj) G Isom(^( E 4 ((5)), £ P ( F 4 (<5))) and 

H(5'j rl )ll- c ( £ p(oi r 4(<5))^p(oE 4 (5))) < Co- (3.17) 
We shall show below in step (vi) that the commutators satisfy 

+ (&|V&)) G £(oF(a),^( F 4 (a))). (3.18) 
Assuming this property, it follows from (|3.15|) that 

\\(([L,<f>j] + (&|V^-)MM)lk( )M*)) < CIK^OH^CoF.W) < C6 a \\(hj)\\ ip{oMS)) 
for some a depending only on p and n. Therefore, choosing 5 small enough we can 
conclude that (Sj - ([£,<£,•] + (b\V(f>j))r) G Isom(£ p ( E 4 (<5)), e p ( F 4 (8))) with 

|| (5j-([L, <f>j] + (b\V4 >j ))r)- 1 1| <2C . 

Let T b := r (5j - + (6| V^))^)" 1 r c . Then T b G £( F 4 (5), E 4 (<5)) is a left 

inverse of 5b := G + L + (6j V). Hence 

IWUw = l|765 fe /i|| oE4(5) < 2C ||r|| ||r c || \\S b h\\ oEi(Sh h e E 4 (<5). (3.19) 

Replacing & by pb, p G [0, 1], we have a continuous family {S pb } of operators 5 p h 
which all satisfy the a-priori estimate (|3.19p uniformly in p G [0, 1]. Since 5o is an 
isomorphism, we can infer from a homotopy argument that S b is an isomorphism 
as well. Repeating successively these arguments for the intervals Jfc, including the 
reduction from step (i) , proves the assertion of the corollary. 

(vii) We still have to verify the estimate in (|3.18|) . Since the covering {Uj : j G N} 
has finite multiplicity, one obtains 

ll((^)<?)lk(<A(a)) < C(a)\\g\\ oMa) , g G F 4 (a). (3.20) 

This together with Proposition 15 . 5f b) shows that 

||(6|V<^)/i|| MoF4(a) < C||6/i,|| oF4 ( a) < CqOI&Hoo + ||6||f 4 (o))||^|IoF 4 (o)- 

The estimates for the commutators [L, 4>j] are more involved. The operator A — 
GD~ X with canonical domain is sectorial and admits a bounded 7i°°-calculus with 
angle tt/2 in a H s p {J; K^(W n )), for K G {H,W}, and also in W s p ( J; K^(R n )) by 
real interpolation. Hence fixing 9 G (0, 7r/2), the following resolvent estimate holds 
in these spaces: 

\\z(z- A)- 1 ]] < M, forallze-£ e . 

The function k(z) is holomorphic in C \ (— oo, — 25q] for some 5q > and behaves 
like 1/z as \z\ — > oo. Choose the contour 

T = (oo, 5 ]e^ U S e*' 27r -^ U [*„, ooje - **, 
where 7r > tp > 7r — 9. Then we have the Dunford integral 

k(A) = — [ k(z)(z - A)~ 1 dz, 

which is absolutely convergent. This shows that k(A) is bounded, as is Ak(A) 
thanks to A G Tt°° , thus A 1 ' 2 k(A) is bounded as well. Therefore the identity 
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k(A)D~ 1/2 = G^ 1 / 2 A 1 f 2 k{A) shows that L 2 is bounded since G" 1 / 2 is, and ([3l8]) 
follows for [L12, 4>j\. For the commutator [L\, <fij] we obtain 

[In, fa] = a^Dl/ 2 ,^} = a[k(A), (/>j]Dl/ 2 + ak{A)[D l J 2 , 
Using the Dunford integral for k(A) this yields 

[k(A),^} = ± J k(z)[(z-A)-\^]dz = ^~J r k{z){z-A)- l [A, ^(z-A^dz, 
hence with 

[A, 4>j] = GD-^MD- 1 = A(A(j)j + 2(V^|V))AT 1 

we have 



AiA^D- 1 + 2i{V<t> j \R)D- 1 ' 2 ), 



[fc(A),^]£>V2 = _L f k(z)A(z-A)- 1 {-A^G- 1/2 A 1 ^+2i(V^\R)}(z-Ay 1 dz. 

2TTi J r 

Let h £ 0F4 be given. Then we obtain from 

\\k(z)A(z - A)- 1 ^) < C/\z\, WA^iz - Ay'Wc^ < C/lzl 1 / 2 , z e T, 
from (|3.20p . and from Minkowski's inequality for integrals 

( f k(z)A(z-A)- 1 A(j) 1 G^ 1/2 A 1 / 2 <z~A)- 1 hdz) 
<C [ h^G-^A^iz- A)-^h)\\ lp{oti) \dz\ 



l T \z\ 

<C^^72^llaFj^l<C|WU 

where we also used that G -1 / 2 is bounded on compact intervals. In the same way 
we can estimate the second term in the integral representation of [k(A), ift^D 1 / 2 , 
this time using the fact that R is bounded. 

1 /2 

To estimate the commutators [D n , <f>j] in 0F4 note that 

1 f°° 

(A0 1/2 = D n (A0- 1/2 = —j=D n / e- D «H-i dt 

= -j= (o n J e-^H-i dt + D n J e- D "H-^ dtj 
=: -L(T 1+ T 2 ), 

with e~ Drzt denoting the bounded analytic semigroup generated by the Laplacian 
in Hp(R n ) which extends by real interpolation to W£ (K™), and then canonically to 
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oF 4 . Thus by (|3.20|) there is a constant C > such that for h € 0IF4 we have 

/OO 

< Cl| y" D„e- D "*t-Hdt|| oF4 

/OO 
t-Ut\\h\\ ^<c\\h\u, 

/CO 

< C|l(M)lk(oF 4 ) < C\\h\\ o¥i . 

Hence ||([^, T 2 ]h)\U p{o¥i) < C\\h\\ o¥i . 

We consider next the commutator [Ti,<pj]. Let k t (x) — (27rf) - "/ 2 exp(— |x| 2 /4i) 
denote the Gaussian kernel. Then for fixed t > 0, the operator D n e~ Dnt is the 
convolution with kernel — Afct(x), which is of class C°°. It is not difficult to see that 
there are constants C, c > such that 

\Ak t (x)\ < cr^+v/ 2 e - c ^l\ x&R n ,t>0. (3.21) 

Choosing a cut-off function X € C*°°(R") with x = 1 in #p(0), supp (x) C S 2p (0) 
and < x < 1 elsewhere, we set 

-Ak t {x) = —(I - x(^))Afc t (a;) - x(^)Afc t (a;) =: fe 3 ,t(z) + h,t(x), x G R", t > 0, 

and we denote by T; the convolution operators with kernels L ki. t t~ 1 l 2 dt 1 I = 3,4. 
For the kernel of T3 we obtain from (13 . 2 1 [) the estimate 

I f k^ t (x)t- l / 2 dt\<C f e-^/H-^+^dt 
Jo Jo 

/oo 
e -c 2 \x\ 2 s s (n-l)/2 ds < Ce -ci\x\ 3 > 

as ks t t(x) — for \x\ < p. Thus this kernel is in Li(W l ) and hence we may estimate 
the commutator [T3, <£j] in the same way as [T2, 4>j\- 
For the remaining commutator [T4, <^-] note that 




This shows that it is enough to estimate the commutator [T4, ^j-] in L p (M. n ), as it 
then extends to iJ™(R") and by interpolation to W* (R n ), and then canonically to 
oF 4 . Next we observe that for x, y € R" 
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where \rj lOC (x, y)\ < C\x — y\ 2 , with some constant C independent of j and \a\ < 2. 
Therefore 



[T i ,<f> j ]h(x) = I I 

JO JR' 



(<l>j (y) - $3 ( x )) k i.t ( x - v)Kv) dyt ^ dt 



^j( x ) / (V - x ) k 4,t( x - V)t 2 dth(y)dy+ 



o 

l 



rj(x,y)k4,,t(x — y)t 2 dth(y)dy 

= : T 5tj h(x) + T 6J h(x). 

We observe that the support of the kernel k^t is contained in £?2 P (0), and conse- 
quently we may replace h by tpjh, where ipj is a cut-off function which equals 1 on 
supp(0j) + i?2p(0). In the following we fix a smooth cut-off function ip which equals 
1 on supp(0) + -E>2p(0) and then set ipj :— T Xj ip. We then have 

\\{Ti,jh)\\ ip[Lp) = \\{Ti^jh)\\ lv[Lp) < supllTj^H^jIK^/i)!!^^) < C\\h\\ Lp , 

k 

provided we can show that the operators Ti : k are L p -bounded with bound indepen- 
dent of k £ N for I = 5, 6. 
The operators Tij satisfy 

T 5>j h = 4>'j(q * h) with q(x) = X (x) [ xAk t {x)t~i dt, x G R" 

Jo 

\T 6 ,jh\ < r * \h\ with r(x)=Cx(x) \x\ 2 \Ak t (x)\t-^ dt, x e R". 

Jo 

The Fourier transform of q is given by q(£) = C£* V{(|£| 2 e _t ' ? ' 2 )t~ 1//2 di and we 
verify that 

sup sup |£| H |<9 a g(£)l < M 

a<(l,...,l) £GR" 

for some M < oo. It thus follows from Mikhlin's multiplier theorem that 



TtLjhU, < C||#|UMU P < c\\h\ 



L 



Finally, in order to estimate Tqj we infer from (|3.2ip that 

r(x)<C \x\ 2 e- c ^ 2 'H-^ dt<Ce- c ^\x\-^-^ / e~ C2S s^ n " l ^ 2 ds 
Jo Ji 

for x <E R n . It follows that r £ Li(IR n ) which implies by Young's inequality 

||^6,j^||p < Cll^llp with a uniform constant C. □ 

1/2 

Remarks 3.2. (a) We mention that the proof for the estimate of [£)„' , <pj] follows 
the ideas of [23 Lemma 6.4]. 

(b) If p2 < p\, i.e. the light fluid lies above the heavy one, then the estimate Q3.8P 
can be improved in the following sense: for every > and Ao > there are 
positive constants 6, rj — rj{(3) and Cj = c 3 ;(/3, Ao , 5, rf) such that 

co [|A| + \t\] < S(X, t, C) < d [|A| + |r|] (3.22) 

for all (A, t, C) € £^72+77 X H v x L/^a and |A| > Ao- For this we observe that 
estimates Q3.9[) and (|3.10[) certainly also hold in case that p2 < pi. On the other 
hand, given M > we conclude as in p. lip that Z, < Re((pi — p2)j a k(z)) < R 
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and |Im((pi — p2)"f a k(z))\ < H, with appropriate positive constants L,R,H. This 
shows that there exists a — a(M, 77) 6 (0, ir/2) such that 

(pi - P2)lak(z)/T € E a , (V)e^/2+,xE„ \z\<M (3.23) 

with 77 6 (0,770) chosen small enough, where we can assume that a coincides with 
the angle in (|37l2]l . Combining (|3~12|) and (|3~23|) yields 

|S(A, t, C)| > cty) [|A| + |r(afc(z) + + (pi - pa)7«fe(«)/r|] 

> c^)c(a)[|A| + |r(afc(z) + »0| + |(pi - p 2 ) 7a fc(z)/r|] 

> co(M, /3,<5,7 7 )[|A| + |r|] 

provided (A, r, £) G x ^ x ^a,a and |A| < M|r| 2 . Noting again that the 

curves |A| = m|r| and |A| = M\t\ 2 intersect at (m/M,m 2 /M) we obtain ([3~22]) by 
choosing M big enough. 

(c) If p 2 < pi we can conclude from the lower estimate in (|3.22l) that the function 
s does not have zeros in Ti^n x M + x [—/3,0\. This holds in particular true for the 
symbol s(A, r) := s(A,r, 0), indicating that there are no instabilities in case that 
the light fluid lies on top of the heavy one. 

(d) If P2 > pi then it is shown in [29] that the symbol s has for each r € (0,r*) 
with r* := ((P2 — Pi)7a/f) 1 ^ 2 a zero A = A(r) > 0, pertinent to the Rayleigh- Taylor 
instability. 

(e) Further mapping properties of the boundary symbol s(A,r) := s(A, r, 0) and 
the associated operator S in case that 70 = have been derived in |27j . In partic- 
ular, we have investigated the singularities and zeros of s, and we have studied the 
mapping properties of S in case of low and high frequencies, respectively. 



4. The nonlinear problem 

In this section we prove existence und uniqueness of solutions for the nonlinear 
problem (|2.1[) , and we show additionally that solutions immediately regularize and 
are real analytic in space and time. In order to facilitate this task, we first introduce 
some notation. We set 

Ei (a) := {u e H^{J;L p (R n+1 ,R n+1 )) n L p ( J; ff 2 (R" +1 , M™ +1 )) : [uj = 0}, 
E 2 (a) :=L p (J;H^(W n+1 )), 

E 3 (a) := w£/2-i/2P( J; L P (M")) n L P (J; ^"^(K")), 
E 4 (a) := W^ 2 - 1 / 2 f(J;i p (R"))niI p 1 (J;W^- 1 /P(R")) 

n W^ 1/2 - 1/2p ( J; H*(R n )) n L p ( J; Wp 3 ~ 1/p (IR™)), 
E(a) := {(u,7r,g,/i) e Ei (a) x E 2 (a) x E 3 (a) x E 4 (a) : [tt] = <?}. 

The space E(a) is given the natural norm 

\\(u,n,q, h)\\ E{a) = \\u\\ El{a) + ||7r|| E2(o) + ||<j||E 3 (a) + WHm^a) 
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which turns it into a Banach space. Moreover, we set 



Fi(a) 


— L p (J; L p (R n+1 , 


R" +1 )), 


F 2 (a) 


= H 1 p (J;H- 1 (R^ 


1 ))nL p (J;^ 1 (M n+1 )), 


F 3 (a) 


= W V2-l/2 P(J;Lj 


,(M n ,M™ +1 ))nL p (J;T4^- 1/p (K",K" +1 )) 


F 4 (o) 


= W p 1 - 1 /2P(J;L p ( 


l"))nL p (J;VK p 2 - 1/p (M")), 


F(a) 


= Fi(a) x F 2 (a) x 


F 3 (o) x F 4 (a). 



The generic elements of F(a) are the functions (f,fd,9,9h)- 

Let b G F^a)™ be a given function. Then we define the nonlinear mapping 

N b (u, ir, q, h) := (F(u, n, h), F d (u, h), G(u, q, h), (b - 7 «| V/i)) (4.3) 

for (u, 7T, g, /i) G E(a), where, as before, u = (v,w), F — (F Vl F w ) and G — (G Vl G w ). 
We will now study the mapping properties of N b and we will derive estimates for 
the Frechet derivative of Nb. 

Proposition 4.1. Suppose p > n + 3 and b G F 4 (a)™. Then 

N b G C w (E(a),F(a)), a > 0. (4.4) 

Let DNt(u,TT,q,h) denote the Frechet derivative of N^ at (u,ir,q,h) G E(a). T/ien 
DNb(u,n,q,h) G £(oE(a), oF(a)), and /or any number a > i/iere is a positive 
constant M = M (ao,p) such that 

\\DN b (u,ir,q,h)\\ c 

( E(o), F(o)) 

< M [||6-7t)|| B c(J;BC)nF 4 (o) + || (w, 7T, ^)|| E(a) ] 

+ M [(\\Vh\\ BC (J;BCi) + IH|e 4 (o) + IMIbc^bc^IMIeuq)] 

+ Mo[P(||V/l|| S C(J;BC))||V/l||BC(J;BC)+Q(||V/l|| SC (J;BCi),||/i||E 4 (a))||/i||E 4 (a)] 

for all (u, ir, q, h) G E(a) and all a G (0, a ] . Here, P and Q are fixed polynomials 
with coefficients equal to one. 

Proof. The proof of the proposition is relegated to the end of the appendix. □ 

Given h G Wp~ 2/p (R n ) we define 

Q ho (x,y):={x,y + h {x)), {x,y)eR n xR. (4.5) 

Letting fl h0ii := {{x, y) G R™ x R : (-1)% - (h (x)) > 0} and Cl ho := il h(ul U fl ho , 2 
we obtain from Sobolev's embedding theorem that 

Q ho G Diff 2 (M"+ 1 ,O fto )nDiff 2 (M'!+ 1 ,0, lo , 1 )nDiff 2 (M;+ 1 ,O ho , 2 ), 

i.e., Qh yields a C 2 -diffcomrphism between the indicated domains. The inverse 
transformation obviously is given by Q^(x,y) — (x,y — h (x)). It then follows 
from the chain rule and the transformation rule for integrals that 

e* ho g isom(^(R" +1 ),i/ p fc (r!, l0 )), [ey- 1 = ej-, k = o, 1,2, 

where we use the notation 

ei o u:=uoe ho , u:Q ho ^R m , 

e'i"v :=vo G^ 1 , v : R n+1 -» R"\ 
We are now ready to prove our main result of this section. 
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Theorem 4.2. (Existence of solutions for the nonlinear problem (12. 

(a) For every f3 > there exists a constant r\ = T](j3) > such that for all 
initial values 

(tto, ho) e Wg- 2 / p (M™+ 1 ,R n+1 ) x W*- 2 /*(R n ) witii [u ] = 0, 
satisfying the compatibility conditions 

UiD(e^ Uo )y - /iH^e^oHHl - o, d<«(e5°tio) = o, 

and the smallness-boundedness condition 

oo ^ 7/, ||^o|| oo 

f/iere is a number to — t (uo,ho) such that the nonlinear problem (12. ip 
admits a unique solution (u,7r, |7r],/i) G Ei(ig). 

(b) TTie solution has the additional regularity properties 

(«,tt) e C w ((0,t ) x R" +1 ,R™+ 2 ), [7r], /i e C w ((0, t ) x R n ). (4.8) 

In particular, M. = Ute(o t ) (^J* x ^(0) * s a rea ^ o^fliytic manifold. 

Proof. The proof of this result proceeds in a similar way as the proof of Theorem 6.3 
in [2S]. 

For a given function 6 £ ¥<i(a) n we consider the nonlinear problem 



(4.6) 
(4.7) 



r +i 

pn+l 



pd t u — /iAit + V7r = F(u, 7r, /i) in 
div u = Ffi(u, h) in 
-[/i^u] - IfiV.wl = G v (u, [tt],/i) on R" 
-2[^w] + [tt] -tr£h= G w (u,h) on R" (4.9) 

[it] =0 on R" 

d t h~ 1W + (b\Vh) = (b-jv\ Vh) on R" 
u(0) = wo, MO) = ^o, 
which clearly is equivalent to (|2.1j) . 

In order to economize our notation we set z := (u,7r,q,h) for (u,n,q,h) G E(a). 
With this notation, the nonlinear problem (|2.1[) can be restated as 

L 6 z = iV b (z), (u(0),ft(0)) = («o,fto), (4-10) 



where Lb denotes the linear operator on the left-hand side of (|4.9|1 . and Nb corre- 
spondently denotes the nonlinear mapping on the right-hand site of ()4.9|) . 

It is convenient to first introduce an auxiliary function z* — € E(a) which 
resolves the compatibility conditions and the initial conditions in (|4. 10[) . and then 
to solve the resulting reduced problem 

L b z = N b (z + z*) - L b z* =:K b (z), z € oE(a), (4.11) 

by means of a fixed point argument. 

(i) Suppose that (uo,ho) satisfies the (first) compatibility condition in (|4.6p . and 
let 

[to] := 6* ho {lf,(vo\D(®>;°uo)vo)l + <Jk}, 
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where 9h ■= 0h o lR' l+1 x{o}- Here we observe that ^^ [w] = [6£ o w] for any function 
u> : flh„ —>■ K m which has one-sided limits. It is then clear from the definition in 
(|2.3p - (|2.4p that the following compatibility conditions hold: 

-\jidyVo] - lpV x w j = G v (u 0l M, fto) on R n 

-2lfid y w j + l7T ]-aAh = G w (uo,h ) on R n l4 " i2 ' 

where, as before, uq = (vq,Wq). Next we introduce special functions (0, f2i9*T9h) 
F(o) which resolve the necessary compatibility conditions. First we set 

• M fK + e- tD ^£ + (v \Vh ) in 
c (*) : = S (n , 1 (4-13) 

[^-e-^+^-^olV/io) in M" , 

where £± G £(Wp 2 ^ P (]R± +1 ), Wj 2 2 ^ P (R™ +1 )) is an appropriate extension operator 
and 1Z± is the restriction operator. Due to (vo\Vho) £ W, 2 2 ^ P (M™ +1 ) we obtain 
c* £ i/ p 1 (J;L p (E n+1 ))nL p (J; J ff p 2 (R"+ 1 )). 

Consequently, 

/} := 9 y c* e F a (o) and / d *(0) = F d (v , ho). (4.14) 

Next we set 

g *(t) := e- c »*G(no, M,/i )- := e - D »*(&(0) - 7 «o|V/i ). (4.15) 

It then follows from flOg) and QH Lemma 8.2] that {0,f d ,g*,g* h ) £ F(o). (|4TT^I 
and the second condition in (|4.6p show that the necessary compatibility conditions 
of Theorem 13.11 are satisfied and we can conclude that the linear problem 

L b z* = (0,flg*,g* h ), (it*(0),/i*(Q)) = (u ,h ), (4.16) 

has a unique solution z* = z£ £ E(a). With the auxiliary function z* now deter- 
mined, we can focus on the reduced equation (|4.1ip . which can be converted into 
the fixed point equation 

z = L- l K b {z), z £ F(a). (4.17) 

Due to the choice of (/^,5*,5^) we have K b (z) £ qF(<x) for any z £ oF(a), and it 
follows from Proposition 14. II that 

^er( E(«),„F(o)). 

Consequently, L^ b 1 K b : oE(a) — > oE(a) is well defined and smooth. 

(ii) An inspection of the proof of Theorem 13.11 shows that given (3 > we can find 
a positive number Sq = 5o(b) such that 

LI 1 e£(oF(a), E(a)), l^l^)^)) < M, ae[0,<5 ], (4.18) 

whenever 6 £ F4(a)" and |H|_Bc[o,a],sc(R™)) < It should be pointed out that the 
bound M is universal for all functions b £ F4(a) n with ||6||oo < (3, whereas the 
number Sq = 5(b) may depend on b. 

(iii) We will now fix a pair of initial values (u , h ) £ Wp~ 2/p (M™ +1 ) x Wp~ 2/p (W l ) 
satisfying (|H)]) and (pLT|) with 

77 := 1/(16M M), (4.19) 
where the constants Mo and M are given in (|4.1[) and (|4. 1 8[> . respectively. We choose 

b(t) := e- Dnt jv , t > 0. (4.20) 
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Then b £ F 4 (a)™ and ||6||bc([o,o];BC(h«)) < ||7«o|| bc(r») < P for any a > 0, as 
{e~ Dnt : t > 0} is a contraction semigroup on BUC(W n ). Hence the estimate (|4.18|l 
holds true for this (and any other choice) of initial values. It should be pointed out 
once more that the bound M is universal for all initial values uq with ||i>o||oo < - 
and hence for b(t) :— e~ Dnt jvo - whereas the number Sq may depend on jvq. 

We note in passing that g* h — for this particular choice of the function b. 
Without loss of generality we can assume that Mq , M > 1 . We shall show that 
L^ 1 Kf ) is a contraction on a properly defined subset of oE(a) for a G (0, Sq] chosen 
sufficiently small. For r > and a £ (0, So] we set 

B E(a) (z*,r) ^{zeE^a) :z-z* £ E(a), \\z-z*\\ E{a) < r}. 

We remark that a and r are independent parameters that can be chosen as we 
please. Let then ro > be fixed. It is not difficult to see that there exists a number 
Ro = Rq(uq, ho, So, tq) such that 

\\V(h + h*)\\ BC{J . Bc i) + \\h + /i*||e 4 ( ) + \\u + u*\\bc(j-,bc) 

+ Q(\\S7(h + h*)\\ BC (j;BCi),\\h + h*\\ M a)) < Ro 

for all u £ o®Ei(a) (0, r) and h £ oBe 4 (o) (0, r ), with a £ (0,<5o] and r £ (0, ro] arbi- 
trary, where z* = («*, ir*,q* ,h*) is the solution of equation (14.16|) and where Q is 
defined in Proposition 14.11 Let Mi := Mo(l + Ro)- It then follows from Proposi- 
tion ED and (|4~T8l) that 

< MiM[||6- 7(1; + v*)\\ BC{J:BC)n¥i(a) + \\z + z*\\ E(a) ] (4.21) 

+ M M[P(\\V(h + h*)\\ BC (J;BC))\\V(h + h*)\\ BC(J; BC)] 

for all z £ o®E(a)(0, r) and a € (0,5o]. 

(iv) For (uq, ho) fixed, the norm of z* in E(a) (which involves various integral 
expressions evaluated over the interval (0, a)) can be made as small as we like by 
choosing a £ (0, So] small. Let then oi £ (0, So] be fixed so that 

\\Vh*\\ B c(io, ai ],BC) < 27?, 

MiAf(||6-7«*||BC([0,« 1 ];BC)nF 4 (o 1 ) + ||**||lKai)) < 1/8. 

Since (V/i*, 6 - 71;*) £ BC([0, S ], BC(W 1 )) and || V/i*(0)||oo = HVftolU < V, the 
estimates in (|4.22|) certainly hold for a% sufficiently small. 
In a next step we choose 2ri £ (0, ro] so that 

l|V/l|| nBC ( [0 ,a 1 ],BC(R") < V, ^ ^ 

MiM(||7«|| oBC Qo,Oi];BC)n F 4 (ai) + 1 1 2 1 1 E(ai ) ) < 1/8, 

for all h £ B E(ai) (0, 2r x ) v £ B E(ai) (0, 2r x ), and z G o®E(ai) (0, 2ri). It follows 
from Proposition [ST] that (|4.23p can indeed be achieved. Combining (|4.19[) - (14.23|) 
gives 

\\D(L^K b ){z)\\ ona) < 1/2, z £ B E(oi) (0,2ri) (4.24) 

showing that L^ 1 Kt : oB E ( Q1 ) (0, r\) — > oF(ai) is a contraction, where oB E ( ai )(0, ri) 
denotes the closed ball in qE(oi) with center at and radius r\. 
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It remains so show that L b 1 K b maps o®E(ai)(0; r i) m to itself. From (|4.24p and the 
mean value theorem follows 

\\L^K b {z)\\ oE(ai) < \\L^K b (z)-L^K b (0)\\ oE{ai) + \\L^K b (0)\\ oE(ai) 
< n/2 + \\L^K b (0)\\ oK(ai) , z E o l E(Ql) (0,r 1 ). 

Here we observe that the norm of L^K^O) = L b ^ 1 (K(z*)- (0, /J, in oE(gli) 

can be made as small as we wish by choosing a\ small enough. We may assume 
that Oi was already chosen so that ||L^ 1 i4r( ) (0)|| E(a 1 ) < *"i/2. 

(v) We have shown in (iv) that the mapping 

'■ o®E(oi)(0>'"i) — * o®E( Ql )(0,ri) 

is a contraction. By the contraction mapping theorem L b ~ 1 K b has a unique fixed 
point z E oJ$E(ai)(Oj r i) c oE(ai) and it follows immediately from (|4.10p - (|4.1ip 
that z + z* is the (unique) solution of the nonlinear problem (|2.1[) in oB>E( ai ) (z*, ri). 
Setting to = a\ gives the assertion in part (a) of the Theorem. 

(vi) The proof that (u, n, q, h) is analytic in space and time proceeds exactly in the 
same way as in steps (vi)-(vii) of the proof of Theorem 6.3 in [28j . with the only 
difference that here g* h = gt ^ = 0, and that the operator D v in formula (6.30) of 
[28] is to be replaced by D\, Vl defined by 

V x<u h := (\b x ,„ - v\Vh), b x ^(t,x) :=b(\t,x + tis). (4.25) 

We note that Di : o = (6j V-). In the same way as in [25l Lemma 8.2] one obtains 
that 

[(A, v) i — ► bxA ■ (1 ~ S, 1 + S) x M" -> F 4 (a) (4.26) 

is real analytic. The remaining arguments are now the same as in [28| . and this 
completes the proof of Theorem 14.21 □ 

Proof of Theorem 1.1: Clearly, the compatibility conditions of Theorem 11.11 
are satisfied if and only if (|4.6|) is satisfied. Moreover, the smallness-boundedness 
condition of Theorem 11.11 is equivalent to (|4.7p , where we have slightly abused 
notation by using the same symbol for uq and its transformed version O^uo- 

Theorem 14.21 yields a unique solution (v,w,ir, [Tv],h) € E(<o) which satisfies the 
additional regularity properties listed in part (b) of the theorem. Setting 

(u,q)(t,x,y) = (v,w,Tr)(t,x,y - h(t,x)), (t,x,y) € O, 

we then conclude that (u,q) E C"(C,R n+2 ) and [q] E C U (M). The regularity 
properties listed in Remark 11.2( a) are implied by Proposition I5.1f a).(c). Finally, 
since w(t, x, y) is defined for every (t, x, y) E O, we can conclude that 

q(t,-)EH},m))^UCm)) 



for every t E (0, to). 



□ 
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5. Appendix 

In this section we state and prove some technical results that were used above. 
Proposition 5.1. Suppose p > n + 3. Then the following embeddings hold: 

(a) Ei (a) ^ BC(J;Wp~ 2/p (R n+ \R n+1 )) ^ BC(J;BC 1 (W t+1 ,W l+1 )) and 
there is a constant Co = Co(p) such that 

W U W BC(J;Wl- 2/p ) + ll u lloSC(./:SC 1 ) < CbHlaEi(a) 

for all u £ oEi(a) and all a € (0, oo). 

(b) £3(0) <— > BC'( J; BC(M. n )) and there exists a constant Co = Cq(p) such that 

\\g\\ BC(J;BC) < CbllflHoEsCo) 

for all g € 0^3(0) and all a € (0,oo). 

(c) F 4 (a) ^ BC(J;W£(R n )) n BC{J;BC 1 {W 1 )) and there exists a constant 
Co = Cq(p) such that 

\\g\\ BC(J;Wi) + WgWoBCiJ-^BC 1 ) < Co 1 1 5 1 1 F 4 (a) 

for all g € o^4( a ) o.nd a ^ & € (0, 00). 

(d) E 4 (a) BC 1 (J;BC 1 (W l ))nBC{J;BC 2 (M n )) and there exists a constant 
Cq = Cq(p) such that 

\\h\\ BC^(J;BC^) + \\h\\ BC(J;BC 2 ) < Co || h\\ e 4 (q) 

for all h £ 0^4(0) and all a € (0, 00). 

(e) 9j S £(E4(a),E 3 (a))n£(E4(a),F4(a)) for j = 1, ••■ ,n. Moreover, for every 
given ao > i/iere is a constant Co = Co(ao,p) suc/i £/iai 

ll^lkw + ll^/l||F 4 (a) < C ||/i||e 4 (o) 

/or all h £ £4(0) and all a € (0,ao]. 

Proof. We refer to [25j Proposition 6.2] for a proof of (a)-(b). The assertion in (c) 
can established in the same way, using that F 4 (o) BC{J; Wp 3/p (M™)), see [TH 
Remark 5.3(d)]. In order to show that the embedding constant in (d) does not 
depend on a G (0, ao] we define an extension operator in the following way: for 
h € oSC 1 ([0, a}; X), with X an arbitrary Banach space, we first set hit) := for 
t < 0, so that h € BC 1 H~ 00, a]; X), and then define 

f if < t < a, 

(£&)(*) := < ~ - - - « , 5>1 j 

[ 3/i(2a - i) - 2ft(3a - 2t) if a < t. 

A moment of reflection shows that £h G o^C 1 ([0, 00); X), and that £h is an exten- 
sion of h. It is evident that the norm of £ : oBC 1 ([0, a]; X) — » o SC 1 ([0, 00); X) is 
independent of a € [0, ao]. The assertion follows now by the same arguments as in 
the proof of [551 Proposition 6.2]. 

Let ao > be fixed. In order to establish part (e) it suffices to show that there is a 
constant Co = C(ao,p, r) such that 

IMIwy([o,a];X) < Cb||fl||Hi([o ) a];A:) ) a 6(0, a], (5.2) 



22 



J. PRUSS AND G. SIMONETT 



where X is an arbitrary Banach space and r £ [0, 1]. This follows from Hardy's 
inequality as follows: for r £ (0, 1) fixed we have 

i,_u> _ r r\\9(t)-g(s)\\ p x 



2^wy([o,a]iJC)-y o J s (i_ s )i+r P dtds 



a pa — s 



^0 



-j-l+rp 



< 



a ra—s 



''(''•/') / _i-(i-r) P / \\dg(s + T)\\ p x dsdT 



T 



Z" 1 1 

- C(r ' P) /o T l-d-0 P ^ ll^H^([0,a ]; X) 

where 9g is the derivative of g, and this readily yields (|5.2p . □ 

Our next result will be important in order to derive estimates for the nonlinear- 
ities in (f2~Tj) . 

Lemma 5.2. Suppose p > n + 3. Lei ao S (0, oo) oe given. Then 

(a) E3 (a) is a multiplication algebra and we have the following estimate 

||3l02||E 3 (a) < (llffllloo + llffl||E 3 (a))(ll52||oo + ||fiT2 IU3 (a) ) ( 5 ' 3 ) 

for all (171,32) £ ^3(0) x Es(a) and aH a > 0. 

(b) There exists a constant C'o = C'o{ao,p) such that 

ll5l52|| E 3 (a) < ^0 ( 1 1 .91 1 1 oo + IMk(a))l!S2lU 3 (a) (5.4) 

for all (171,32) £ £3(0) x oE3(a) and all a £ (0,ao]. 

(c) There exists a constant Co = Co(ao,p) such that 

\\gdjh\\ QE3{a) <C \\g\\E 3 (a)\\h\\oE 4 (a), j = l,---,n, (5-5) 

for all (g,h) £ ^3 (a) x 064(0) and a £ (0,ao]. 

(d) Suppose (g,i/j) £ ^3(0) x £3(12) and let (3(t,x) := yl + V' 2 (^, £)■ Then 

in : 

<(l + ll^llE 3 (a))' £ (||.9||oo + ||g||E 3 ( a )). (5.6) 

^ E 3 (a) 

Proof. The assertions in (a)-(b) follow from (the proof of) Proposition 6.6. (ii) and 
(iv) in [25]. 

(c) To economize our notation we set r = 1/2 — l/2p and 9 = 1 — 1/p. 
Suppose that (g, h) £ £3(0) x 064(0). We first observe that 

\\gdjh\\ W r (J . Lp) < (\\g\\ Lp (j;L p ) + (g)w-(j;L p )\\d ] h\\ oBC{J . Lao) 



—r £ E3 (a) for k £ N and i/ie following estimate holds 



Jo 



dtds V /p 



\t- 



ll+rp 
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Using Holder's inequality, and the fact that (1 — r — 1/p) = r > 0, we obtain the 
estimate 

dt ds 



< 



\\g{s)\\l. 



< \\g(s)\i 



\d t djh(T)\\ Loo dT 
dt 



dt ds 



It-s^+rp (5.7) 

ds f \\d t d 3 h{r)\l dr 
Jo 



(5.8) 



\t - s |l-(l-r-l/p) P< 

<Co(ao,p)lbllI p(J . ip) ||^/i||^ (i/ . ioo) 
for a E (0, oo]. Hence we conclude that 

\\9djh\\ oW r(J;L p ) < Co\\9\\w;(J;L p )(\\djh\\ oB c(j; Loo ) + ll^t^lU^;-^)) 

< C , o||g||E 3 (a)ll^lloE4(a) 

uniformly in a € (0,ao]. It is easy to verify that 

\\9djh\\L p (J;W«) < Wgh^J-WpWdjh^BCi.JM + IMIl p (J;L m )I|3^IIoBC(J;W,?) 
< Co||5l|E 3 (a)||^|loE 4 (a)- 

(5.9) 

Combining the estimates (I5.8[) — (|5.9[) yields (]5 . 5[) . 

(d) As in the proof of Proposition 6.6. (v) in [25] we obtain 

\\g/P\\w;(J;L p ) < U/P\\oc(\\g\\ Lp (J;L p ) + (g)w;(J;L p )) + \\g\\oo{l/P)w;(J-X p ) 
<(1 + <!//?) W;(J;L p )){\\g\\oo + \\g\\w;{J;L p ))- 

Thus it remains to estimate the term (1/ ' (i)w T (j;L p )- Using that f3 2 (t, x) — f3 2 (s, x) = 
tp 2 (t, x) — tp 2 (s, one easily verifies that 



p(s,x) f3{t,x) 



(3 2 {t,x)-0>{s,x) 



< \ib(t,x)-TP(s,x)\ 



(3(s,x)(3(t,x)(P(t,x) +/3{s,x)) 
and this yields (1/ ' P)w;{J;L p ) < {^)w;(J-,l p )- Consequently, 

\\g/P\\w;(j;L p ) < (1+ ll^llw;(./:L p ))(ll.9lloo + \\g\\w;{j;L p ))- 
A similar argument shows that 

\\9/0}\L p (J;Wp < (1 + IIV'||l p (J;H'«))(II.9||oo + \\g\\L„(J;W»))- 

Combining the last two estimates gives (|5.6|) for k = 1. The general case then 
follows by induction. □ 

Corollary 5.3. Suppose p > n + 3. Let ao € (0, oo) and k € N iot£/i k > 1 be given. 
(a) There exists a constant C'o = C'o(ao,p,k) such that 

k 

11(91 ' ■•Sfc)<?ll E 3 (a) < CoJJ (llffilloo + HsjE 3 (a))ll<?ll E 3 (a) 



/or a/Z functions gi €E Es(a), 1 < i < k, g € 0^3(0), and a/Z a € (0, ao]. 
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(b) There exists a constant Co — Co(ao 1 p, k) such that 
\\g(di 1 h---di k hd J h)\\ oE3{a} 

< CodlV/ill^ + ll/lllE^IIV/lH^ 1 + ||Vft||* 0(J . w i_ 1/P) )||fl||E3(«)l|ft|loE 4 (a) 

< Co(||V/l||| c(i/ . Bcl) + ||/i||E 4 (a)l|V/l||^ 1 )||. g || E3(Q) ||/l|| oE4(a) 

for h G £4(0), h G qK^^), a G (0,ao], 1 < j < and ^ G {1, • • • n} wit/i 
i = 1, • • • , A;. 

Proof, (a) follows from (|5 .4(1 by iteration. 

(b) The first line in ([5^8]) shows that 

Md^h - ■ ■ di k hdjh)\\ w;( j. Lp) 

< Oo\\g\\w;(j;L p )(\\di 1 h---d ek hd j h\\ BC(j;L 00 ) + \\dt(d tl h ■■■ d lk hdjh)\\ Lp(JM ). 
Next we note that 

\\d ix h---d lk h{d t dfh)\\ Lp{J . L<x>) < \\Vh\\l\\d t dfh\\ Lp{JM , 

and 

\\Bhh-- ■ (d t di z h) ■ ■■de k hd J h\\ Lpi j, Lxi) < ||5 t 5 £i /i|| ip( , /;ioo) ||V/i||^ 1 ||a 3 7 l || oSC(J . Loo) . 

Proposition 6.1(d) now implies the assertion for || • \\w r (J:L p )- On the other hand 
we have by (|5.9p for 6 = 1 — 1/p 

\\g{di l h---de. k hd 3 h)\\ Lp(J . w s ) 

< \\9\\L p (j;W°)\\ a ei h - ■ -d^hdjhWoo + \\g\\L p (J;L ao )\\9i 1 h---dt h hd j h\\ oBC{ j. w ^ 

< ColbllEawdlvftllL + HVftll^.^-i/^HfclUw 

since Wp(M. n ) is a multiplication algebra. The last inequality then follows from 
Sobolov's embedding theorem. □ 

Remark 5.4. It can be shown that the estimate in (|5.5p can be improved as follows: 
For every ao G (0,oo) there is a constant Cq = Co(ao,p) > and a constant 
6 = 6(p) > such that 

llff<9j«|| E 3 (a) < C , a e || 3 || E 3 (a) ||/i|| oE4(a) 

holds for all (g, h) G £3(0) x 0^4(0) and a G (0, ao]. In the same way, the constant 
Co in Corollary [531(b) can be replaced by C^a 6 . 

Lemma 5.5. Suppose p > n + 3. Let ao G (0, 00) be given. Then 

(a) F4(a) is a multiplication algebra and we have the estimate 

||5 , lS , 2 ||F4.(a) < Ca||ffl||F4(a)ll32||F 4 (a) 

/or a/Z (51,32) £ ^4(0) x £4(0), where the constant C a depends on a. 

(b) There exists a constant Cq = Co(ao,p) smc/i i/iai 

ll5lff2|| F 4 (a) < Co(||gi||oo + |Mk(a))|M| F 4 (a) (5.10) 

for all (171,32) € ^4(0) x oIP , 4(a) and all a G (0, ao]. 
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(c) There exists a constant C'o — Co(ao,p) such that 

\\g9jh\\ g^ a ) < CodLgllco + ll5llF 4 (a))ll /l lloE4(a), 3 = 1, • • • , n, (5.11) 
for all (g,h) € ¥4(0) x E 4 (a) and a G (0, a ]. 

Proof. Here we equip ¥4(0) with the (equivalent) norm 

n 

\\9\W{a) = \\9\\ w i-i/*r ( j. Lp) + W d ^\\ Lp {J;Wl-^) ■ ( 5 ' 12 ) 

i=l 

(a) This follows from Proposition I5.1f c) by similar arguments as in the proof of 
Proposition 6.6(h) and (iv) in [25] . 

(b) It follows from part (a) and Proposition 15. 1( c) that 

\\gig2\\ a w-(J:L p ) < CoGlsulloc + \\gi\\w;(J;L p ))\\g2\\ a ¥ i (a), (51,32) € F 4 (a) x F 4 (a) 
where r = 1 — l/2p. Next, observe that again by Proposition 15. lf c) 

\\(d l gi)g2\\ Lp (J- } Wp < \\d l gi\\L p (J-W0)\\g2\\ BC(J;L^) + \\digi\\L p (,J;L <x> )\\92\\ a BC(.J;W») 
< Co||3l||F 4 (a)IIS , 2|| F 4 (a) 

where (9=1 — 1/p. Moreover, 

\\gidi92\\ Lp (,J;Wg) < ll3l||L p (J;W»)l|9ig 2 || BC(J;Lo=) + IISl II oo || d { g 2 1| L P (J-WP 
< CodLgilloo + ||.9l||F 4 (a))ll.92|| F4(a)- 

The estimates above in conjunction with (|5.12[) yields (|5. 10[) . 

(c) follows from (b) by setting g 2 = djh and from Proposition l5 . If e) . which certainly 
is also true for 0^4(0). □ 

Proof of Proposition I4.lt 

It follows as in the proof of [28l Proposition 6.2] that N b E C""(E(a), F(a)), and 
moreover, that DHb(z) € £(oE(a), oF(a)) for z € E(a). It thus remains to prove 
the estimates stated in the proposition. 

Without always writing this explicitly, all the estimates derived below will be 
uniform in a S (0,ao], for cio > fixed. Moreover, all estimates will be uniform for 
(u, 7f, q, h) E oE(a). 

(i) Without changing notation we consider here the extension of h from R™ to R n+1 
defined by h(t, x, y) = h(t, x) for (x, y) £l"xl and t € J. With this interpretation 
we have 

||0>i||o O ,jxr»+* = II^I|oo,jxr™, heE(a), de{dj,A,d t }, (5.13) 

where || • ||oo,!7 denotes the sup-norm for the set U C J x R™ +1 . Next we observe 
that 

SC(J;BC(R" +1 )) •L p (J;L p (R"+ 1 )) L p ( J; L p (K n+1 )), 

BC(J; L p (R n+1 )) ■ L P (J: BC(R n+1 j) L p ( J; i P (R n+1 )), (5.14) 

SC(J; BC(R n+1 )) ■ BC(J; BC{M. n+1 )) ^ BC(J; 5C(R n+1 )), 

that is, multiplication is continuous and bilinear in the indicated function spaces 
(with norm equal to 1). 
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Let us first consider the term Fi(u, h) :— \Vh\ 2 d y u appearing in the definition of F. 
Its Frechet derivative at (u, h) is given by 

DFi(u, h)[u, h] = \Vh\ 2 d*u + 2{Vh\Vh)d 2 y u. 

Suppose (u, h) £ o^i (a) x oE 4 (a). From (|5.13|) . the first and third line in (|5. 14[) and 
Proposition 15 . 1 f d) follows the estimate 

||0Fl(u,/l)M|| oF(tt) < CoHVftlloodlV/llloo + |Mk(a))(|N| oEl (a) + |WU 4 (a)) 

for all (u, h) £ Ei(a) x £4(0). It is important to note that the constant Co does not 
depend on the length of the interval J = (0, a) for a £ (0, do]. 

Next, let us take a closer look at the term h) := Ahd y u in the definition 

of F. The Frechet derivative is DF%{u, h)[u, h] = Ahd y u + Ahd y u. We infer from 
(|5.13[) , the first and second line in (|5.14|) . and Proposition 1 5 . 1 1 that 

\\DF 2 (u,h)[u,h]\\ na) < (\\Ah\\ Lp{JM + \\d y u\\ Lp{J . Lp) y 

(\\dyU\\ 

qBC{J ;L p 

< Co(||ft||E 4 (o) + II«||ki(o))(||«II K i (o) + IWU 4 (a)) 

for all (u, h) £ E 1 (a) x E 4 (a). 

The derivative of ^(m, h) := (u\Vh)d y u, where V/i := (V/i, 0), is given by 

DF 3 (u,h)[u, h] = (u\Vh)d y u+ (u\Vh)d y u+ (u\Vh)d y u 

and it follows from (|5. 13[) — (|5. 14)) and Proposition l5. If a) , fd) that there is a constant 
Co > such that 

\\DF 3 (u,h)[u, h]\\ ¥(a) < CodlV/lHoo + |k||oo)||"||E 1 (o)(||w|| E 1 (a) + II ^11 E 4 (a) ) 

for all (u, h) £ Ei(a) x E 4 (a). 

Let us also consider the term F 4 {u, h) := dthd y u. Observing that 

DFa(u, h)[u, h] = dthd y u + dthd y u, 

that dt : E 4 (a) — > F 4 (a) is linear and continuous and 

F 4 (a) ^L p (J;BC 1 (IR"))nBC , (J;SC 1 (IR' 1 )) (5.15) 

we conclude from (|5.13p - ()5.15|) and Proposition 15. 1( a) . (c) that there is a constant 
Co = Co(ao) such that 

\\DF 4 (u,h)[u,h}\\ o¥{a) < (\\dth\\ Lp( j, Lao) + \\d y u\\ Lp(J . Lp) ) 

{\\d y u\\ BC(J;L p ) + H^lloBCfCJ;^)) 

< Co(||ft||K4(o) + ll u llE 1 (a))(||u|| Ei(a) + Pll E 4 (a)) 

for all (u, h) £ Ei(a) x E 4 (a). 

The derivative of F^(tt, h) := d y irVh is given by 

DF 5 (tt, h){it, h] = d y n\7h + dyirVh. 

It follows from (]5 . 13[) — ()5 . 14[) and Proposition 15 . 1 f d) that there exists Co such that 

\\DFsfah)[*M\o*<fi) < (HV/i|U + \\d y 7r\\ Lp{J , Lp) ) 

(\\ d yK\\L p (J;L p ) + l|V/l|| oBC(J;Loo) ) 

< CodlV/lIU + |k|| E2(o) )(||7f|| oB2(o) + |H| E 4 (a)) 



TWO-PHASE NAVIER-STOKES EQUATIONS 



27 



for all (it, h) £ £2(0) x £4(0). The remaining terms in the definition of F can be 
analyzed in the same way. Summarizing we have shown that there is a constant Co 
such that 

\\DF(u,TT,h)[u,TT,h]\\ o¥l{a) 

<C [||V/i||oo + ||V/i||^ + ||(u,7r,/i)|| E(a) (5.16) 

+ (||V/l||oo+ |M|oo)|M| El (a)] ||(w,*)^)|| E(o) 

for all (u, 7r, h) £ E(a) and all a £ (0, do]. 

(ii) We will now consider the nonlinear function F d (u,h) — (S7h\d y v), stemming 
from the transformed divergence. Since h(x, y) := h(x) does not depend on y we 
have 

F d (u, h) = {Vh\d y u) = d y {Vh\u). (5.17) 

We note that 

d y £ CiH^L^+^H^H- 1 ^))). (5.18) 

The norm of this linear mapping does not depend on the length of the interval 
J = [0, a]. It is easy to see that multiplication is continuous in the following function 
spaces: 

H^J;BC(M. n+1 )) ■H^(J;L p (R n+1 )) - H^(J; L p (R n+1 )) 

BC(J; BC 1 (R n+1 )) ■ L p (J; H^(R n+1 )) ^ L P (J; H^(R n+1 )). ' ' ' '* ' 

The derivative of Fd at (u, h) £ Ei(a) x £4(0) is given by 

DF d (u,h)[u,h] = {\7h\dyu) + {Vh\d y u) = d y ((Vh\u) + (V%)). 

We want to derive a uniform estimate for DF d (u, h)[u, h] which does not depend 
on the length of the interval J = [0, a]. We conclude from (|5.13[) - (|5.15p that 

ll(V%)|Ui (J;ip) ~ \\(Vh\u)\\ Lp(J . Lp) + \\{d t Vh\u)\\ Lp(J . Lp) + \\(Vh\d t u)\\ Lp{J . Lp) 

< IIv/iIIooIIuHl^j;^) + ||a t v/i|| Lp( j ;Loo) ||M|| oBC( . /;Lp) + ||v/i|| 00 ||a t u|| Lp(J;Lp) 

<C {\\Vh\\ x + \\h\\ E4(a) )\\u\\ oH i {J , Lp) . 

Similar arguments also yield || (V/i|u)|| off i( J;Lp ) < C \\u\\ H ^(j;L p ) IMI E 4 (a)- These 
estimates in combination with (|5.18|) show that there is a constant Co such that 

\\(Vh\dyU) + (dyUlVm^j.^ 

E4(a) ll^l|Ei(a ))(IMI Ei(a) + IWI E 4 (a)) 

for all (u, h) £ Ei(a) x £4(0), where Co is uniform in a € (0, a^]. Observing that 

\\(Vh\d y U)\\ Lp( J. Lp) +X]+t\\(d j Vh\dyU) + (Vh\djdyU)\\ Lp( J. Lp) 

defines an equivalent norm for || (Vft.|3j,u)||x, we infer once more from (|5.13|) 

(|5.14jl and Propostion I5TT1 that 

\\(Vh\d v u)\\ Lp (j. tH i) < Co(||/i||E 4 (a) + ||Vft|| 

00) || ^|| Ei(a) 
E 4 (a)- 

Summarizing we have shown that there exists a constant Co such that 
\\DF d (u,h)[u,h]\\ or2{a) 

< CoGlVfcHoo + INI £4(0) "I" 1 1 ^ 1 1 JEi (a.) ) (ll M ll oEl(a) 
for all (u, h) £ Ei (a) x £4(0) and a £ (0,ao]. 
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(iii) We remind that 

•] e C(H^J;L p (R n+1 ))nL p (J;H^(R n+1 )),E 3 (a)) (5.21) 

where [/tc^ti] denotes the jump of the quantity fidiU with u a generic function from 
jjn+i anc [ wnere ^ — g x< f or i = 1, . . . , n and 9 n +i = e\,. 

The mapping G(u, ft,) is made up of terms of the form 

[fidiUkjdjh, IpidiUkJdjhdih, qdjh, Ahdjh, G K (h), G K (h)djh 

where Uk denotes the fc-th component of a function u G Ei(a). It follows from 
Lemma l5~27 a) and (|5.2ip that the mappings 

(u,h) h-> IfidiUkjdjh, 1/idiUkldjhdih : E 1 (a) x E 4 (a) -> E 3 (a), 

(g, ft) i * go^/i : E 3 (a) x E 4 (a) ->• E 3 (a), ft i-> Aft,6»jft, : E 4 (a) -> E 3 (a) 

are multilinear and continuous. Let us now take a closer look at the term G\ (u, ft) := 
[//£?jUfc]dj/i. Its Frechet derivative is given by 

DGi(u, h)[u, h] = djh\pLdiU k \ + \pLdiU k \djh. 

Setting gi — djh and g 2 ■= 1/J.diUkJ we obtain from (|5.4[) and (|5.2ip the estimate 

ll^^fcllUw < Co(||V/i||oo + ||Vft|| E , (a) )N| oEl(a) . 

On the other hand, setting g := [/iSjitfc] we conclude from (|5.5|) and (|5.2ip that 

\\lfidiU k jdjh\\ oE3 ^ < Co||w|| El (a)||^|| E 4 (a) • 

Consequently, 

\\DGi(u,h)[u,h]\\ oMa) 

+ H' u llKi(a))(ll u lloEi(o) E 4 (a)) 

for all (u, ft) S Ei(a) x £4(0), and all a S (0, do]. 

Given (w, ft,) G Ei(a) x E 4 (a) let G2(u, ft) := [/xdjUfcJSj/idift. The Frechet derivative 
of G2 is given by 

DG 2 (u,h)[u,h] = djhdih\}idiU k \ + [/idiUkjdjhdjh + \yLdiU k \dihdjh. 

From Corollary 15 . 3f a) . (b) and (|5.2ip follows that there is a constant Co such that 

\\DG 2 (u,h)[u,h}\\ oE3{a) < CodlVftHoo + || ^|| E4 ( a ) ) 2 II ""|| oEl (a) 

+ Co(\\Vh\\ BC (j. BC l) + ||ft|| E4 (a))IM| El (a)||ft|| E 4 (a)) 

for all (u, ft) G Ei (a) x E 4 (a) and all a G (0, ao\. 

The terms G 3 (q, ft) := qdjh and G 4 (ft) := Ahdjh can be analyzed in the same way 
as the term G\, yielding the following estimates 

\\DG 3 (q,h)[q,h]\\ E 3 (a) 

< Co(||Vft|| 00 + ||Vft|| E3 ( a )+ || gll E3 (a.) ) ( 1 1 Qll E 3 (a.) E 4 (a)) 

as well as 

||ZX?4(ft)ft|| oE3(a) < CodlVftHoo + \\Vh\\ w + ||V 2 ft|| E3(a) )||ft|| oE4(a) . (5.25) 
Let us now consider the term 

G 5 (h) = -J—(d s h)*Ah, /8(t,x) := y/l + \Vh(t,x)\», 
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appearing in the definition of G K . The Frechet derivative of G5 at h is given by 

1 , „r 2 , 



■ > (2d j hAhd j h + (d j h) 2 Ah) 



Before continuing, we note that the term 1/(1 + /?) can be treated in exactly the 
same way as 1//3, as a short inspection of the proof of Lemma l5.2f d) shows. It 
follows then from Corollary I5.3f a)-(b) and from (|5.6|) that there is a constant Cq 
such that 

||DG 5 (/i)/ l || oE 3 (o) < Co[P(||V^||oo)+Q(||V/l||BO(JiBOi),||ft|k(a))]||fe|loB4(a) (5-26) 

for all h <G £4(0) and all a 6 (0, a], where P and Q are polynomials with coefficients 
equal to one and vanishing zero-order terms. Analogous arguments can be used for 
the remaining terms (V/i|V 2 /iVft.)//3 3 and G K (h)djh appearing in G, yielding the 
same estimate as in (|5.26l) . 

(iv) It remains to consider the nonlinear term Hj,(v, h) := (b — / yv\'Vh). The Frechet 
derivative is given by DHb(v, h)[v, h] = — (V h\-fv)+(b—jv\Vh) . From Lemma [575l b) 
with gi = djh and gi — jvk, where Vk denotes the fc-th component of v, follows 
||(Vft|7«)J| F 4 ( o ) < Co(||V/i||oo+||/i||E4(o))ll«lloBi(a)- LemmaE^c) with g = (b-jv) k 
and h = h implies 

||(6-7«|Vft)|| F 4 (a) < Co(||& — T^lloo + \\b-jv\\ ¥i{a) )\\h\\ oE ^ a) . 

We have, thus, shown that 

\\DH b (v,h)\\ < C (||V/l||oo + H^lk(a) + \\b-lv\\ B c{j;BC)nMa))' ( 5 - 27 ) 

Combining the estimates in (|5.16|) . (|5.20p and l|5.22p - (|5.'27jl yields the assertions of 
Proposition 14. II □ 
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